arXiv:1505.05250v6 [hep-th] 27 Jan 2016 


T-DUALITY SIMPLIFIES BULK-BOUNDARY CORRESPONDENCE 


VARGHESE MATHAI AND GUO CHUAN THIANG 

Abstract. Recently we introduced T-duality in the study of topological insulators. In 
this paper, we study the bulk-boundary correspondence for three phenomena in condensed 
matter physics, namely, the quantum Hall effect, the Chern insulator, and time reversal 
invariant topological insulators. In all of these cases, we show that T-duality trivializes the 
bulk-boundary correspondence. 


1. Introduction 

The most interesting and potentially useful feature of a topological insulator is the presence 
of gapless modes on its boundary, despite it being an insulating material in the bulk. The 
bulk-boundary correspondence describes a correlation between certain topological features 
of the bulk description and those of boundary phenomena. Generically, gapless boundary 
modes are expected to arise at the interface of two samples whose bulk Hamiltonians are 
characterized by different topological invariants, reflecting the topological obstruction in 
continuously deforming one Hamiltonian into the other. A stronger version of the corre¬ 
spondence states that there is a homomorphism mapping a bulk topological invariant to a 
boundary topological invariant. Such a statement not only implies that the gapless boundary 
modes are topologically protected, but also that bulk and boundary quantities are simulta¬ 
neously quantized. 

In the context of the 2D integer quantum Hall effect [6j, there is a correspondence between 
the quantized Hall conductivity and chiral edge currents. This phenomenon was explained 
in imiiaiia] using the language of A-theory and Connes’ noncommutative geometry |19j . 
as well as in [331 |22l El Eal [lU using mathematical techniques of various sophistication 
and generality. With the recent experimental discovery of Chern insulators [iHi m\ and 
topological insulators protected by time-reversal symmetry HUES], it is desirable to have a 
mathematical framework in which a general bulk-boundary correspondence principle can be 
stated. 

In this paper, we formulate the bulk-boundary correspondence as a topological boundary 
map associated to an extension of a bulk algebra of observables by a boundary algebra, in 
the sense of mi HQ]- More precisely, we assume that the bulk U*-algebra ^ arises as a 
crossed product of the codimension-1 boundary algebra ^ by Z, and relate them through 
the associated Toeplitz extension. The Fermi projection for a bulk Hamiltonian dehnes an 
element of Kq{^), which has a homomorphic image in Ki{^) under the boundary map in 
A-theory. We remark that the role of A-theory in the systematic study of topological phases 

with symmetry has already been discussed in |l5l EH EH EH 152] . 
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In [52], we introduced T-duality as a tool to study topological insulators. As an example, 
we explained how the Chern number and the rank of valence bundles for 2D Chern insulators 
are interchanged under the T-duality transformation. We will proceed to show that the bulk¬ 
boundary homomorphism becomes trivialized under T-duality. This turns out to be a fairly 
generic phenomenon — a relatively complicated bulk-boundary map becomes a trivial map 
when viewed on the T-dual side. We develop noncommutative, twisted, and real versions of 
T-duality, and demonstrate the principle for the quantum Hall effect, the Chern insulator, 
and the time-reversal invariant topological insulator. In the latter. Real A"i?-theory or 
Quaternionic A'Q-theory groups are required, but T-duality simplihes the mathematical 
description by translating them to ordinary real iCO-theory groups. The Fu-Kane-Mele 
(FKM) Z 2 -invariant [38] |25l |26] discovered in the physics literature (which as explained in 
[20] is really the FKMM invariant m introduced some years earlier) can then be understood 
as the T-dual to the classical Stiefel-Whitney classes. These results illustrate the potential 
utility of T-duality in the held of topological insulators. 


Topological invariant 

T-dual 

Group 

d = 2, No T 

Cl 

rank 

Z 

rank 

Cl 

Z 

d = 2, T2 = 

= -1 


FKM 

W2 

Z 2 

Q-rank 

Pi 

z 

d = 3, T2 = 

= -1 


■d (strong FKM) 

Wi 

Z 2 

weak FKM 

W2 

3 Z 2 

Q-rank 

Pi 

z 

Bulk-boundary homomorphism 

d 

L* 

N/A 


Table 1. A dictionary for translating between topological invariants for topo¬ 
logical insulators and their T-duals. 
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2. The relevant Hamiltonians 

2.1. The quantum Hall effect. We begin by reviewing the construction of the Hamiltonian 
in the integer quantum Hall effect (IQHE). Consider Euclidean space equipped with its 
usual metric {dx^ + dy"^), and symplectic area form oj = dx A dy. The Euclidean group 
G = XI SO{2) acts transitively on R^ by affine transformations The torus can be 
realised as the quotient of R^ by the action of its fundamental group Z^. 

Let us now pick an electromagnetic vector potential, that is, a 1-form A such that dA = 
B = 0a; is the magnetic held in some suitable units, for some hxed 6 G (0,1). As in geometric 
quantization we may regard A as dehning a connection V = d + iA on a line bundle C over 
R^, whose curvature is zB = i6u. Using the Riemannian metric the Hamiltonian of an 
electron in this held is given in suitable units by 

H = Ha = = l{d + zAYid + zA). 

The underlying G-invariance of the theory is clear. In a real material this Hamiltonian would 
be modihed by the addition of a real-valued potential V. By taking V to be invariant under 
Z^, that is periodic, this perturbation is given a crystalline type structure. The spectrum 
of the unperturbed Hamiltonian Ha for A = —9ydx has been computed by Landau in 
the 1930s, cf. [1]. It has only discrete eigenvalues with inhnite multiplicity. Any A is 
cohomologous to —Oydx since they both have Ou as diherential, and forms dihering by an 
exact form dcj) give equivalent models: in fact, multiplying the wave functions by exp(z0) 
shows that the models for A and —Oydx are unitarily equivalent. This equivalence also 
intertwines the Z^-actions so that the spectral densities for the two models also coincide. 
However, the perturbed Hamiltonian H^y = Ha + V, which is the key to the quantum 


3 





Hall effect, has unknown spectrum for general Z^-invariant V. For 7 = {m,n) G Z^, let 
'ip^{x,y) = nOx be a function on It satisfies 7 *A = A = Also ^’ 7 ( 0 , 0 ) = 0 for all 
7 G Z^ and = 9m'n where 7 ' = G Z^. Dehne a projective unitary action T'^ 

of Z^ on L^(R^) as follows: 

U-t{f){x, y) = f{x-m,y- n) 

S^{f){x,y) = exp{-27riij^{x,y))f{x,y) 
t ; = o 

Then the operators , also known as magnetic translations, satisfy = Id, = 

where ( 7 ( 7 , 7 ') = exp{—2'7ii9m'n), which is a multiplier (or 2-cocycle) on 1?, 
that is, it satishes, 

(1) ( 7 ( 7 , e) = ( 7 (e, 7 ) = 1 for all 7 G Z^; 

(2) a(7i,72)cr(7i72,73) = cr(7i, 7273)o-(72, 73 ) for all 7 ^ G I?, j = 1,2,3. 

An easy calculation shows that and taking adjoints, . Therefore 

Also, since V is periodic, T2^V = VT^. We conclude that for all 7 G Z^, 
= HyvT^, that is, the Hamiltonian commutes with magnetic translations. The 
commutant of the projective action is the projective action If A lies in a spectral gap 
of HyV) then the Riesz projection is p\{Hyv) where p\ is a smooth compactly supported 
function which is identically equal to 1 in the interval [infifAy, A], and whose support is 
contained in the interval [—£ + inf if a, y, A + e] for some £ > 0 small enough. Then 

Px{Hyv) e d) ® 1C{L\F)), 

where is a fundamental domain for the action of J? on R^, and p\{Hyv) dehnes an element 
in Ao(C'*(Z^, d)). By the gap hypothesis, the Fermi level of H^y hes in a spectral gap. We 
also study the case when V is aperiodic with hull a Cantor set S. In this case, the Riesz 
projection to a spectral gap, or the Fermi projection, dehnes an element in Kq{C{H) xig.Z^)). 

2.2. The Chern insulator. In [30], Haldane introduced an example of what is now called 
a Chern insulator where instead of magnetic translational symmetry, the Hamiltonian has 
ordinary Z^ translation invariance, and ordinary Bloch-Floquet theory [62| suffices for its 
analysis. Such translation-invariant Hamiltonians lead to the study of their associated vec¬ 
tor bundles (Bloch bundles) over the Brillouin 2-torus T^, and for insulators the topological 
invariants of the sub-bundle of eigenstates (comprising the valence bands) lying below the 
Fermi level is of particular interest. For the abstract arguments that follow, the Hamilto¬ 
nians are formulated directly on quasi-momentum space as a continuous family of Bloch 
Hamiltonians over T^, rather than on real space. 

The basic model of a Chern insulator is a two-band Hamiltonian in 2D, which up to an 
overall shift in the energy level has the generic form UDl 

3 

H{k) = h(f) ■ a = hi{k)ai, k G T^, 

i=l 
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where cij are the Pauli matrices and h = {hi,h 2 ,h 3 ) is a smooth map from the Brillouin 
torus to Since H{k)‘^ = |h(A;)p, the gapped condition for an insulator is ensured 
if h is nowhere zero. Assuming this, we can form the “spectrally-flattened” Hamiltonian 
H{k) = h(/c) ■ a where h = h/|h|, and the valence band is given by the projection onto its 
negative eigenbundle P{k) = |(1 — H{k)). In particular, the valence band is a line bundle S 
and has the hrst Chern number c{S) as a topological invariant: 


c{£) 


1 

Air 


Ij2 


dkh{k) ■ 


dh.{k) 

dki 


A 


dh.{k) 

dk2 


In general, vector bundles £ over can be characterized by their Chern character Ch(£^) = 
rank(£^) -f Ci{£), where ci(£) is the hrst Chern class. Then the (hrst) Chern number c{£) 
is obtained from pairing Ci{£) with the fundamental class of T^. The Chern number is 
determined by the determinant line bundle, so to construct model Hamiltonians with valence 
bundles having arbitrary rank and Chern number, it suffices to consider line bundles in the 
above two-band models with the required Chern number, then augment by some trivial 
bundles to make up the rank. Such line bundles can be obtained by a judicious choice of 
the function hUDl. For instance, a family of models which realize valence bands with Chern 
numbers 0, ±1 or ±2 is 


h{k) = {coski,cosk 2 ,m + acos{ki + k 2 ) + b{smki + sinA; 2 )), (2.1) 

where m, a, b are real parameters. The Chern number of the valence band £ can be computed 
to be [To] 

c{£) = sgn(—m — a) + -[sgn(m — a -|- 26) -|- sgn(m — a — 26)]. 

2.3. The time-reversal invariant topological insnlator. The dehning feature of a time- 
reversal invariant (or T-invariant) Hamiltonian formulated on the Brillouin torus is the 
presence of an antiunitary anti-involutary time-reversal operation T on the Bloch bundle, 
satisfying the following commutation relation for the Bloch Hamiltonians 

H{k) = TH{-k)J-\ k e 

In other words, T furnishes the Bloch bundle with a Quaternionic structure which the Bloch 
Hamiltonians must be compatible with. The extra involution ■. k ^ —k arises due to 
the Fourier transform of ordinary complex conjugation on real space. The requirement that 
T^ = — 1 means that each Bloch eigenstate v has a Kramers partner Tn; in particular, there 
is a degeneracy at the hxed points of <^. 

A standard way to construct T-invariant Bloch Hamiltonians is to begin with an un¬ 
constrained one, such as the H{k) from the Chern insulator example, and take H{k) = 
H{k) © H{—k) where H{k) denotes the complex conjugate of H{k). Then we can take 



where K is complex conjugation, and verify that TH{—k)T ^ = H{k). 
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In (i = 2, an explicit model originating from a tight-binding Hamiltonian on a honeycomb 
lattice was given by Kane-Mele [371138]. Another example was constructed by Bernevig- 
Hughes-Zhang [9] starting from a square lattice Hamiltonian, and their Bloch Hamiltonians 
are of the form fl 2 . 2 p with 

H{k) = [A -|- cos ki + cos /c 2 ]c ’'3 + A(sin kiai + sin /c 20 ' 2 ), 
where A and A are some real parameters. 

The particular model used to obtain T-invariant Hamiltonians may have some additional 
symmetries, such as point symmetries or conserved spin in the 3-direction perpendicular to 
the plane of motion. These extra symmetries may either be genuine physical constraints, or 
accidental features of the model. In general, it is the totality of the symmetry constraints 
which determine the relevant category of bundles and therefore the relevant topological 
invariants to use. For example, if conservation of spin in the 3-direction is required, one 
can dehne the so-called spin-Chern numbers |69l 159] . complementing the various Z 2 -valued 
indices of Fu-Kane-Mele [SH EH] [26] ; see [2] for further discussion. When spatial inversion 
P and time-reversal T are separately symmetries of the Hamiltonian, there is a lift of the 
Z 2 -invariant to an integer one [23]. When PT is a symmetry but P and T are not separately 
symmetries, the Z 2 invariant disappears [52] . 

We are only concerned with the Z 2 -invariant associated with 2D T-invariant topological 
insulators, and its correspondence to a boundary Z 2 -invariant, so only the constraint of T- 
symmetry (along with the implicit Z^-translational symmetry) applies. Mathematically, this 
means that the valence bundles for T-invariant topological insulators are to be thought of 
as Quaternionic bundles over the 2-torus with involution <^, see Section 15.21 Similarly, 
we use Quaternionic bundles over to model 3D T-invariant topological insulators [35], for 
which there are four Z 2 -invariants m- 

3. Bulk-boundary homomorphism and Toeplitz extension 

An important physical feature of the integer quantum Hall effect is the correspondence 
between the transverse Hall conductivity in the bulk and chiral edge currents along the 
boundary. There is a useful heuristic semi-classical picture for this correspondence — the 
cyclotron orbits of electrons, under the application of a longitudinal electric held and a 
constant magnetic held perpendicular to the plane of motion, are intercepted by the boundary 
of a hnite sample, giving rise to chiral currents along the boundary. 

Rigorous work establishing this bulk-boundary correspondence for the IQHE was carried 
out in [m I 321133 ] , for both discrete and continuous models (see also mm)- The basic idea 
was to extend the C*-algebra associated to bulk observables by one pertaining to boundary 
observables, through a short exact sequence, whose middle algebra describes a family of 
bulk-with-boundary systems. This extension turns out to be a Toeplitz-like extension for 
the crossed product by a complementary group of translational symmetries Z transverse 
to the boundary (a related Wiener-Hopf extension was used for continuous M symmetry). 
Its corresponding W-theory (cyclic) long exact sequence is the Pimsner-Voiculescu exact 

sequence, and the W-theory boundary map taking Kq of the bulk algebra to Ki of the 
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boundary algebra, together with a dual boundary map in cyclic cohomology (see Section 
I4.5p . constituted the bulk-boundary correspondence. Roughly speaking, this correspondence 
maps the noncommutative Chern number for the Fermi projection to a noncommutative 
winding number. We extract the main idea behind their construction which we use to model 
a general notion of bulk-boundary correspondence in iF-theory. 

Suppose we have a C'*-algebra of observables associated to a bulk physical system, and 
another C'*-algebra ^ associated to a codimension-1 boundary. We assume that there is Z 
translation invariance (or more generally covariance with action a) in the spatial dimension 
transverse to the boundary, which translates to being a crossed product ^ ^ Z. 

There is a natural Toeplitz extension associated to such a crossed product m, 10.2 of [lO]), 

0 > (^ ® C'o(Z)) ^ t (^ ® Co{1j U {oo})) Z > ^ Xq, Z )■ 0, (3.1) 

where r is left translation on Z and hxes oo. Abbreviating the middle algebra by S (for 
“extension”) and using Co(Z) x,- Z = /C(/^(Z)), we can rewrite this as 

0^ / ^ (3.2) 

In fl3.1l) . the Z in C'o(Z) can be interpreted as the (classical) variable labelling the position of 
the boundary, relative to some arbitrary choice of origin, so the a®T action of Z encodes this 
covariance. We allow the position of the boundary to be “at inhnity” in the middle algebra 
which now has the interpretation of a continuous family of bulk-with-boundary algebras 
such that evaluation at inhnity gives the algebra for the bulk-without-boundary. Thus, 
the manner in which the bulk-without-boundary description is topologically linked with the 
bulk-with-boundary description is encoded in the short exact sequence (13.21) . The boundary 
map d : iFo('^) —)■ ® IC) = Ki{^) is taken to be the (iF-theoretic) bulk-boundary 

homomorphism in this paper. 

Example 3.1. The Fermi projection p\ for the Hamiltonian in the IQHE dehnes an element 
of where ^ = C*{l?,a) as explained in Section [2Tl In the presence of disorder, a 

more complicated crossed product needs to be used [6]. In the detailed tight-binding model 
in HH 112], the bulk algebra ^ describes operators which are homogeneous in the plane, 
^ ® K, describes operators which are homogeneous along the boundary but compact in 
the transverse direction, while S describes homogeneous half-plane operators with compact 
boundary conditions. The Hall conductivity is obtained by pairing the Kq class of the Fermi 
projection with the conductivity cyclic 2-cocycle, following [6|. The dual boundary map in 
cyclic cohomology takes this 2-cocycle to a 1-cocycle, whose pairing with 9 [pa] equals the 
original pairing. Furthermore, the latter pairing was explained to be the edge current carried 
by the edge states for the Hamiltonian restricted to the half-plane. A continuous analogue 
of this work appeared in [13|, and is summarized in |40j . 

Example 3.2. For a band insulator with Z'^ translational symmetry, there is a family of Bloch 
Hamiltonians over the the Brillouin torus T'^, and the valence subbundle over the Brillouin 
torus dehnes a projection in C'(T^) = C(T'^“^) Xj^ Z. The simplest example is that of 

the 2D Chern insulator described in Section 12.21 which can be thought of as a commutative 
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version of the IQHE without magnetic helds and Landau levels. Typically, is a sub- 
Brillouin torus coming from the remaining symmetry for the boundary. This need 

not be the case, and we can think of some of the torus dimensions as arising from angular 
variables for a parameter space. This is the paradigm of “virtual” topological insulators, 
which are discussed in [58] . 

In the presence of further symmetry constraints such as that of time-reversal, the projec¬ 
tion onto the valence bundle dehnes a class in a rehned version of iL-theory, such as KR, 
KQ, or their equivariant versions. In these cases, ^ is regarded as a real C'*-algebra, the 
crossed product and Toeplitz extension are real, and we have to keep track of the sign of the 
/L-theory degree, e.g. d : KOo{^) —)■ KO-i{^) = see Section lT2l 

It should be noted that the iL-theory groups only provide primitive topological invariants, 
which should then be paired with some element of a suitable dual theory in order to extract 
numerical invariants with physical meaning. For example, a generic valence vector bundle 
for a 2D Chern insulator is characterized by its rank and hrst Chern class. Its pairing with 
the fundamental class extracts the hrst Chern number, and the explicit formula for this 
pairing reveals the connection between the hrst Chern number and the Hall conductivity; 
pairing with a 0-trace extracts the rank (or the gap-labelling group in the aperiodic case). 
As an alternative to cyclic cohomology, Kasparov theory can be used to relate pairings 
between iC-homology and iL-theory m in the case of the IQHE, and can potentially apply 
to the time-reversal invariant insulators for which real iC-theory is required. We are mainly 
concerned with studying the bulk-boundary correspondence at the level of these primitive 
K-theoretic invariants. 

There are several other complementary approaches to the bulk-boundary correspondence 
[33] EHl E] which do not use topological boundary maps but analyze directly the relation¬ 
ship between a bulk Hamiltonian on the plane and its restriction to some subspace (e.g. a 
half-plane) of the plane with boundary conditions applied (see also [46] for a iL-theoretic 
approach). Conceptually, these two Hamiltonians describe different physical setups, whereas 
the correspondence established in [HI HJ] |13] is a stronger and manifestly topological si¬ 
multaneous quantization of bulk and boundary phenomena. The language of C'*-algebra 
extensions precisely facilitates a concurrent description of bulk-with-boundary observables 
and those of the bulk without boundary within a single extension algebra S'. 

Pimsner-Voiculescu boundary map. A breakthrough in the computation of the iL-theory of 
crossed products by an action of Z was made in |SZ|. The authors used a Toeplitz extension 
(13.ip and identihed the iL-theory of the middle term with the iL-theory of ^. Then the 
associated cyclic exact sequence becomes the Pimsner-Voiculescu (PV) exact sequence 

Xa Z) (3.3) 

a 

K,(/ xi„ Z) K,(/) K,(/) 
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where a* is the induced map in it"-theory under the automorphism a(l) of ^. There is 
a real version of this result which is 24-cychc [661 [ 68 ] . We will use the PV exact sequence 
extensively for the computation of the bulk-boundary homomorphism d. 


3.1. Bulk-boundary for twisted actions of T? . In physical examples, the bulk algebra 
often arises as an iterated crossed product by Z. In other words, it is of the form ^ xIq, Z 
where ^ is itself a crossed product by Z. 

Let ^ be a complex unital C*-algebra. For a twisted crossed product ^xi^-Z^ = ^xI(q^o-)Z^, 
with a a U(l)-valued 2-cocycle, the Packer-Raeburn decomposition theorem [5B] allows us 
to rewrite it as an iterated untwisted crossed product {A xIq.^ xIq ,2 In the second 
crossed product, the Q! 2 -action on ^ comprises the original a. action of on A 

together with multiplication by a phase on G ^ xIq^ 7P\n G Z (see the formulae in 
Theorem 4.1 of [56]), where 9 is an angle determined by a as in Section l2Tl 

Note that we can deform the automorphism Q !2 (thus also a) into one where 6 = 0. For 
example, when ^ = C, we have the noncommutative torus Ag, in which Q! 2 ( 1 ) is rotation of 
C xIq,j Z^^i = 67(5^) by 27i9. The rotation angle can be continuously decreased to zero, upon 
which a 2 becomes trivial. 

The unital inclusion C ^ is Z’^^i-equivariant (the Z^^i-action restricts to the trivial 
action on C), and induces a homomorphism (also called l) on the crossed product0 C{S^) = 
C XI Z^^i P A xIq^ Z^^^i (Corollary 2.4.8 of [T3|), and therefore a homomorphism on their 
R-theory groups (which is not necessarily injective). Note that C xi hA') xi^^ z(i) is 

itself Z*^^i-equivariant (the Z^^i action restricts to t(C xi Z^^^)), and induces a homomorphism 
(also called l) on the iterated crossed product Ag = C xi a-'P P A xi ^, as well as their 
R-theory groups. Explicitly, a function / : Z^ —)■ C in C xi^. Z^ gets mapped to if, where 
{if){n) = /(n)l^,n G lA. Also, an explicit representative for [((■] G iCi(C'(S'^)) is the 
(Fourier transform of) ^i, i.e. the function on the circle ^ : (p i-G- it is mapped under l to 
the function : if in A Xq,j and = [^C]- 

Recall that Ko{Ag) = Z[l] © h[Vg] where [1] is the class of the rank 1 free module over 
Ag, and [Vg] is the class of the Rieffel projection in Ag. For notational ease, we continue to 
denote the image of the class of the Rieffel projection under t* by \Pg\, the image of the class 
of the rank -1 free module by [ 1 ], and the image of the generator of K^{C{S^)) by [C]. 


Proposition 3.3. Under the boundary map of the Pimsner-Voiculescu exact sequence for 
the second crossed product by WP, (the image of) pg] is mapped to (the image of) [C], while 
(the image of) [1] is mapped to [0]. 


1 


We sometimes write Ax G instead oi A Xa G when the group action is understood. 
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Proof. This is true when A = 
exact sequence fl3.3p is 

MC{s^)) = z[i] 

a 

K,{Ae)^ Z[C](BZ^ 


C, where a is homotopic to the trivial action, so that the PV 


Ko{C{S^)) = Z[l] Ko{Ag) ^ Z[l] © Z[Vg] 

a 

A-i(C(S‘)) = Z|C] A'i(C(S‘)) = Z|C] 


and in] A 1C], |1] A |0|. 

In general, the PV-exact sequence entails the sequence 

Ko{A h Ko{A X, Z^) A Ki{A 

exact in the middle. Here j* is the induced homomorphism under the inclusion j of the 
hrst crossed product into the iterated crossed product. A preimage of [C] G Ki{A 
under d is [Pg] G Kq{A Z"^), by considering the ^ = C case and the dehnition of d as 
an exponential map. The projective modules dehned by the identity elements of the crossed 
products are mapped to each other under the unital map j, so [ 1 ] ^ [ 1 ] —)■ [ 0 ] by exactness. 

□ 


Note that 02 is homotopic to an automorphism whose restriction to the image of C{S^) in 
Ay\aiZ^^'> is trivial. Then the induced map 1—02* on iP-theory is zero on [C] G Ki{AyiaiZf^'^). 
The PV exact sequence contains a short exact sequence 

0 ^ K,{A x„, Z(i))/Imi_„,, ^ K,{A X, Z2) A Keri_„,, {K^{A x„, Z^'))) ^ 0, 

verifying that [C] is in the image of d. 

Proposition 3.4. Let A = C(S) where Z is a Cantor set and suppose that the twisted 
Z'^-action on S by homeomorphisms is minimal. Then the boundary map of Proposition fOI 
maps Z[Pg] isomorphically to Z[(]j and is zero on Kq{C{Z) x^- Z^)/Z\P 0 \. 

Proof. The PV exact sequence for the hrst Z^^^-action is 


Ko{C{Z)) ' "" > K,{C{Z)) -- Ko{C{Z) x„, Z^) 


Ind 

;Pi(C'(E) x„, ZW) --iPi(C'(E)) = 0 


ai 

Ki{C{Z)) = 0 


In particular, Kq{C{Z) x^^ is the group of oi-co-invariants of iPo(C'(S)) — (see 

(il])),i.e. iPo(C^(S))/Imi_„,,(iPo(C'(S))). Since 

0 ^ iPi(C'(E) x„, Z«) ^ Keri_„,, (^o(C'(E))) ^ 0, 

Ai(C'(S) Xc^ is isomorphic to the oi-invariant subgroup of iPo(C(S)) = C(S,Z), and 

Ki{C{Z) x„j Z^^l) D Z[Q > Z[l]. The PV exact sequence for 02 includes the short exact 
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sequence 


K^{C{Y.) ZW)/Imi_ 

- d- 






(3.4) 


Keri_„,. (iri(C'(S) x„, Z^^))) 


0 


so d (composed with Ind) maps onto the a-invariants of ^(S, Z). Our assumption of minimal¬ 
ity means that the only a-invariant functions are the constant functions. From Proposition 
we already know that [Pg] A [C] for the boundary map for the second crossed product. 
Equation (13.dh now simplihes to 


0 ^ 0(2, Z),„ ^ 0(2, Z),„ © Z[Ve] ^ Z[C] 0 , 
where we have written 0(2,Z)co for the (iterated) co-invariants of 0(2, Z) under Z^. 

4. Noncommutative T-duality 


□ 


T-duality describes an inverse mirror relationship between a pair of type II string theories. 
Mathematically, it is a geometric analogue of the Fourier transform, giving rise to a bijection 
of (Ramond-Ramond) fields and their charges, which belong to iP-theory. This was carried 
out in the absence of a background flux in [M], in the presence of a background flux in [I^[T3] . 
and the noncommutative analog appears in [501 El]- In this section, we give a refinement, 
showing the effect of noncommutative T-duality on generators of iP-theory. This is relevant 
since, for example, the noncommutative torus Ag appears as the bulk algebra when studying 
the IQHE, while a particular subalgebra of functions on the circle constitutes the boundary 
algebra, c.f. Section 14.51 
Consider the diagram. 

Mg 


C{T^) ® Ag 




Ag 


where ti, 62 are inclusion maps, and Mg is the universal hnite projective module over C'(T^)© 
Ag, playing the role of the Poincare line bundle, which we now construct. Consider the central 
extensions 


0 

0 


U(l) 

U(l) 


Heis^ 

Heis! 


Z' 


0 , 

0 , 


determined by the multiplier a = exp(27ri0a;), where u is the standard symplectic form on 

the vector space that restricts to Z^. Then Heis^ is a subgroup of Heis® and there is a 
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left action of Heis^ on Ag = a). Set M.e = C{T'^, Vo-), where 

Vo = Heis® XHeisZ Ag 

is a locally trivial vector bnndle with hbers Aq over the qnotient Heis®/Heis^ = T^. 

Notice that C'(T^) <8) Aq and Aq are it'-oriented, so one has Poincare dnality in iP-theory, 

PDc(T^)^Ae ■■ ^o(C'(T2) ^ ^ k\C{T‘^) ® Aq), PDa, : K\Aq) = Ko{Aq). 

Then noncommntative T-duality is the composition, 

Ko{C{r)) 3 [E] 4((p)*([^]) ®c(Tq Mq) e Ko{Aq), 

where the wrong way map, or Gysin map 4- KoiCiT"^) ® Aq) -3 Kq{Aq) is dehned by 
4 = PDAg°{t,2)*oPDc(Td)®Aei where (^- 2 )*: K'^{C{T‘^)®Aq) -3 K'^{Aq) is the homomorphism 
in iP-homology. 

4.1. Poincare duality in iP-theory. The 2D torus is a Spin manifold, therefore it is 
7^-oriented. Poincare duality in the iP-theory of is given by 

PDj2 : iP°(T2) ^ iPo(T^) 

[S] —s- [^2 ® 8 ] 

where ^2 (g) is the Spin Dirac operator on coupled to the vector bundle 8 . 

In particular, we see that the class of the trivial line bundle [1] maps to [^t 2 ], the class 
of the Spin Dirac operator on T^, also known as the fundamental class in iP-theory, which 
is a generator. Also the class of the prequantum line bundle [£] maps to the class of the 
coupled Spin Dirac operator, [^2 ® C ], where we recall that the prequantum line bundle C is 
associated to the principal circle bundle Heis®/Heis^ over T^. That is, C = Heis®/Heis^ Xu(i) 
C. Equivalently, C can be identihed as the Poincare line bundle over T^, see section 14.71 
Now 

a:°(t2 ) ^ z[i] ©z[£] 

and since Poincare duality is an isomorphism, we see that 

7fo(T') = z[^T 2 ] © ®/:]. 

Poincare duality in the iP-theory of exchanges [1] •H- [^j^] and [£] •H- [(^j 2 ® £]. 


4.2. Twisted Baum-Connes isomorphism. Let Aq be the noncommntative torus gener¬ 
ated by a pair of unitaries Di, f/ 2 . Recall that the twisted Baum-Connes map [151 EH] is an 
isomorphism of groups, because the Baum-Connes conjecture with coefficients is true for 1? 
(cf. HHH]), 

p,: iPo(T2) ^ iPo(A4. 


It is given by 

Kq(Y‘^) 3 [Pj2 (g) I—>■ indexyig (^t2 ® 8 ® Vo-) G Kq(^Aq). 


KoiAe)=Z[l](BZ[Ve] 
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Recall also that 




where [1] is the class of the rank 1 free module over Aq^ and \Pg\ is the class of the Rieffel 
projection in Aq. 

Let ^ 1 , 82 be the (closed) derivations given by 8 i{Uj) = where we drop various factors 

of 27ri for simplicity. Let the smooth noncommutative torus A^ be dehned as the intersection 
of the domains of arbitrary powers of the derivations. It is known that the periodic cyclic 
cohomology of the smooth noncommutative torus A'^ has generators (c.f. Thm. 53 of [T5] . 
and [IS]) 

= C[t] ® C[tk], 

where r is the von Neumann trace on A^ and tk is the area cocycle (also called the Kubo 
conductivity cocycle, or the noncommutative Chern character), 

ri^(a, 6, c) = tr(a((5i(6)(52(c) - h 2 (&)(^i(c))) (4.1) 

for a, 6, c G A"^. 

Proposition 4.1. /i^ exchanges [^t 2 (g) ([£] — [1])] o [1] and O [Pel- 
Proof. By the index theorem in [151 SS]) we see that 

r(/i 0 ([^T 2 (g) £^])) = f A Ch(£^) = rank(£^) f B + c(£^) = rank(£^) 6 ^ + c(£^) 

where r denotes the von Neumann trace on Aq and ^ = 6 dx A dy is a closed 2-form on T^. 

Therefore 

T{ye{[pT^ ® ([>C] - [1])])) = 1 = r([l]), r(/re ([^2 ® 1])) = 6 = r([Pe]). (4.2) 

If 0 ^ Q is irrational, then the noncommutative torus Ae is a factor (cf. |63|) so that the 

von Neumann trace is injective, and therefore we conclude that 

PeilPr^ ® ([-^l - [1])]) = [1], PeilPr^ ® 1]) = [Pe\- (4.3) 

If 6 is rational, the trace is no longer injective, but we can use the higher twisted index 
theorem j48j . 

TKiPeiWf^ ® P])) = / a; A e® A Ch(£^) = rank(£^), (4.4) 

where u is the standard invariant symplectic form on the vector space that descends to 
the torus T^, and where we have written tk{P) = tk{P, P, P) for the area cocycle dehned 
in fl4.1l) . This leads to 

TKipeiipT^ ® ([£] - [1])])) = 0 = ric([l]), TKiMipT^ ® 1])) = 1 = ^Ki[Pe]), (4.5) 

which when considered alongside fl4.2p . leads again to f|4.3p . 

□ 
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4.3. Noncommutative T-duality. Consider the composition, 

fie o PD^2 = Tt2 : K\T^) ^ iCo(^) (4.6) 

which exchanges [1] -f-)- \Pe\ and ([£] — [!]) •H- [1] by Proposition 14.1[ This is noncommutative 
T-duality and is just the Connes-Thom isomorphism [T7], c.f. Section ITBl 

4.4. T-duality trivializes the bulk-boundary correspondence. We will prove the com¬ 
mutativity of the diagram, 

A'“(T=) KMs) (4.7) 

t* a 

K^{T) —^ K-\T) 

where the bottom horizontal arrow is the analogue of (14.61) for T. That is, Tj is determined 
by 

K\J)3[l]^[C]eK-\J), 
where [C] G iC“^(T) is the generator. Recall that 

K^{T) ^ Z[l], K-\T) ^ Z[C]. 

Let us check the commutativity of (14.Th above. We know that 

d O Tt2([!]) = d O pe o PDj 2 {[ 1 ]) = d{[Ve]) = [C] 
by Proposition 13.31 Also, 

TtoP([1])=Tt([1]) = [C]. 

Now 

d O Tj2{[C] - [1]) = d o /i, O PDj2{[C] - [1]) = d([l]) = [0]. 

On the other hand, 

rToi-([£]-[i]) = rT(|0]) = |0], 

This verihes commutativity of the said diagram. 

As a consequence, we see that upon applying T-duality, the relatively complicated bound¬ 
ary map, 

d: Ko{Ae)^K-\T) 

is equivalent to the much simpler restriction map, 

L*: K\T^) K\T). 

The commutative version of this result (c.f. fl5.ll) ) is also true, and can be calculated using 
a Fourier-Mukai transform. This is explained in detail in Section 15.11 
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4.5. Cyclic cohomology, the Hall conductance and the winding number. Recall 
that for the smooth noncommutative torus, we had 

HP-^-^{Af) = C[T]®C[TK\. 

We also know that the periodic cyclic cohomology of the smooth functions on the circle 
has generators, 

where is the winding number of a unitary. 

Using the Pimsner-Voiculescu exact sequence for cyclic cohomology [Ml |55], we deduce 
exactly as in the iP-theory case that 

d : HP°‘^‘^{C°^{S^)), d{TK) = T^. 

Finally, the results of jlH |121113]. say that 

tk{P, P, P) = dTKidP, dP) = tUU, P), 

where P is a projection in A’^ and U a unitary in C°°(S'^) such that d{P) = U. 

Now we point out how to compute the trace and the conductance 2-cocycle. Let P be a 
projection in Ag ® /C. The class of P is 

Ko{Ae)3[P]=m[l]+n[Pe], 

for some integers m,n E Then we compute the value of the von Neumann trace on P, 

r(P) = n 6 + m. 

We also compute the value of the Kubo conductance cyclic 2-cocycle tk on P, 

tk{P, P, P) = riTKiVe, Pe, Pe) = n, 

since tk is equal to 1 on Vg and tk is equal to zero on 1. This calculation can be done also 
on the torus T^, using the higher twisted index theorem, section 2, [18], as follows. Consider 
[8] G dehned as 

[£]=n[l]+m[([£]-[!])]. 

Then Tt 2 ([£^]) = P and we have the pairing 

I u A A Ch(£^) = rank(£^) = n = tk{P, P, P). 

On the other hand, if P is a unitary such that d{P) = P, then [P] = n[C] and 

T^(U,U) = nT^{CX) = n, 

since the winding number of the unitary ^ is equal to 1. In particular, we see that 

rx(P,P,P) = r,,(P,P). 
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4.6. Generalisations. Let .4. be a unital C'*-algebra with an action of and a be a 
mnltiplier on 1?. Then we want to compnte the iL-theory of the twisted crossed prodnct 
A X CT Z^. By the Packer-Raebnrn trick [56] , 

.4 Z^ (g) /C = (.4(8) /C) x„ 1}, 

where a is an ordinary action related to a. Recall that the indnced algebra is dehned as 
lnd® 2(.4 0 /C,a) = {/ : A®K\f{xA g) = a{g){f{x)), g e Z^}, 

and has the property that it has an action of and there is a canonical Morita eqnivalence 

2 Morita 

lnd ®2 (.4 0 /C, a) X = (.4 0 /C)x„Z^ 

Therefore by the Connes-Thom isomorphism theorem ca. we conclnde that 

Ko{AXa^^) = Ko{lndll{A®lC,a)). 

Notice that lnd ®2 (4.0/C, a) is just the space of sections of the flat bundle 8 = R^ Xz 2 ,a( 4 , 0 /C) 
over the torus with fiber A®K. 

Example 4.2. When 4, = C, we have already analysed this case above, but let us say a few 
words. In this case, 8 is just an algebra bundle of compact operators over T^, which are 
classihed up to isomorphism by their Dixmier-Douady invariant in iL^(T^;Z) = 0, so is 
trivializable, and therefore iLo(Ind ®2 (/C, a)) = by the Morita invariance of iL-theory. 


Example 4.3. Let A = C'(S) with E a Cantor set, which is a compact Hausdorff space. 
Suppose S is equipped with a mimimal action of Z^, and let cr be a multiplier on 7?. 
The induced algebra lndg2(4) in this case is just the double suspension C(X), where X = 
E Xj 2 R^. Then we have the strong Morita equivalence, 

Morita 

C(E)x,Z2 = C(X)x,R2 

which follows from the Packer-Raebnrn trick [56] and from [261IM] , 

Morita 

^(Ej^/Cx^Z^ ^ C'(X) 0 /C x„R2. 

Therefore by the Connes-Thom isomorphism theorem im and the Morita invariance of 
iC-theory, we see that 

^.(^(E) X. Z^) = K,{C{X) X. R2) ^ K,{C{X)). (4.8) 

In particular, we see that 

^.(^(E) x,, Z^) ^ R:.(C'(E) X Z^). 

It is known (cf. [60]) that 

Ro(C'(E)) = C(E, Z), iCi(C'(E)) = {0}. (4.9) 

Now the authors of [5] have computed that 

Ko{C{E) X Z^) = ^(E, Z)eo © Z, 
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where C'(S,Z)co are the co-invariants under the Z^-action, while we showed in Proposition 
13.41 that 

Ko{C{E) X, Z^) ^ C{E, Z)eo © Z[Ve]. 

More precisely: 

• The natural inclusion Aq = a) C'(S) Z^ , takes the Rieffel projection 

to a projection in C'(S) x^. Z^ which generates the Z factor in Ko(C(E) x^- Z^). 

• The inclusion C(E,Z)co Ko(C(E) x^- Z^) is induced by the inclusion C(S) M- 
C(E) x,Z2. 

Recall from Proposition 13.41 and its proof that 

Ki(C(E) X Z) = C'(S,Z)^ D C'(S,Z)^' = Z[ls] = Ind(Z[C]), 

where C(E,Z)^ is the subgroup of C(S,Z) = iPo(C'(E)) invariant under a single Z factor, 
Is is the constant function E 1, and 

^([^^]) = [C], a(C(S,Z)J = [0]. (4.10) 

Armed with these calculations, we can verify as before the commutativity of the diagram, 

K°(X)-^Ko(C(i:)x^Z^) (4.11) 

t* d 

K°(X,)^K,(C(E)xZ) 

where Xi = E x^ M is the suspension which includes into the double suspension Xj ^ X, 
and T, Ti are the T-duality isomorphisms. 

First, we note that a vector bundle £ over X has constant rank everywhere, since X is 
connected by Lemma 3, [7]. Then the rank gives a natural splitting K^{X) = iP°(X)®Z[lx] 
where lx denotes the trivial line bundle over X. Also, there is a T-duality isomorphism 
A'O(Ai) = A'i(C(E) X Z) = C'(E,Z)^ by the same arguments leading to Eq. fl4.8p but 
applied to a crossed product with a single Z rather than Z^. Elements of C'(E,Z)^ are 
integer linear combinations of characteristic functions on Z-invariant clopen subsets of E. 
In particular. Is = Ind([(C]) corresponds to (the iP-theory class of) the trivial line bundle 
Ixi —t Xi which generates a subgroup Z[lxi] in K^{Xi). Since a non-zero S is supported on 
all of E, the restriction homomorphism l* lands on this subgroup, taking [£] to rank(£^)[lxi]. 
In summary, 

Ti o p([£!]) = rank(£^)[(C]. (4-12) 

Next, we use a normalized Z^-invariant measure /r on E to construct a cyclic 2-cocycle 
on C(E) x^ Z^, given by 

TK,i,{a,b,c) = j tr(^a(hi(6)h2(c) - 52(&)^i(c))(P)j d/i(P) 

for a, 6, c in a dense subalgebra of C'(E) x^- Z^, mimicking (14. Ih . It is clear that 

'TK,^l{[Pe\) = TK,iiiPeTPe,Pe) = TKiPe.Pe.Pe) = 1 - 
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Furthermore, tk,ii vanishes on C(S,Z)co = iFo(C(S) xi Z)co C Kq{C{'E) since the 

representative elements of iFo(C(FI) x Z) are annihilated by An index calculation along 
the lines of fl4.4p . but using the higher twisted foliated index theorem instead (see Appendix 
gives TK,^iT{[£])) = rank(£^), from which we deduce that 

T{[£]) = rank(£)[P 0 ] +C, C e C'(S,Z),o. 

It follows from (14.101) that 

doT{[S]) = d[Yank{S)[Vo] + C) = rank(£^)[C], 

which together with fl4.12p . shows that fl4.11|) commutes. 

4.7. Real T-duality in the commutative case. As we will use T-duality for the real 
i7-theory of tori in the subsequent section on time-reversal invariant insulators, we give an 
outline of its construction, which is explained in more detail in |33]. The geometric analog 
of the Fourier transform is the Fourier-Mukai transform, which may be summarised by the 
diagram 

V 





Here the T-dual d-torus to = M'^/Z'^ is denoted by for emphasis, and we identify 
with the character space of Z'^, i.e. 3 fc : n t—)■ k{n) := for n G Z'^, while V 
is the Poincare line bundle over x T'^. In the complex case, V can be realized as the 
quotient of x x C under the action of n G Z*^ given by n ■ {x, k, z) ^ {x + n, k, k{n)z). 
In the real case, has the trivial involution whereas is given the involution k i—)■ —k 
corresponding to complex conjugation of characters. Then V has a lift of this involution to 
an antilinear involution 0 : (x, k, z) i—)■ {x, —k,z), since 0 (n- {x, k, z)) = {x + n, —k, k{n)z) = 
{x + n, —k, {—k){n)z) = n ■ (0(x, fc, z)). The Fourier-Mukai transform is p*{p*{£) <8) V) for 
8 representing a class in iFO“”(T'^), giving the isomorphisms 

More general dualities exist amongst other variants of real iP-theory. They are explained in 
the context of the real Baum-Connes conjecture, in analogy to fl4.6p . in [ 6 ^ [3]. 

5. T-duality and bulk-boundary for insulators 

5.1. Bulk-boundary for Chern insulators. The sections of the valence bundle T in a 
2D Chern insulator form a hnitely-generated projective (f.g.p.) module for the algebra of 
functions C'(T^), and determines a class in Kq{C{T‘^)). We interpret C'(T^) as a trivial 
crossed product (or group C*-algebra) C{S^) Xjd lP‘\ where C'(S'^) = C Z^) is itself the 
group C*-algebra for Z^) interpreted as longitudinal translations along a boundary, and 

18 














is a group of transverse translations. The Toeplitz extension fl3.1l) associated to the (trivial) 
crossed product by is 

0 -- (C(5i) ® C'o(Z)) Xid®r -- {C{S^) 0 Co(Z U {cxd})) 


C(T2)-^ 0 

where r is left translation on Z and hxes cxo. It can more consisely be written as 
0 ^ ® /C r(C(^^), id) ^ ^(T^) ^ 0. 

The PV exact sequence is 

Kq{c{sP ^ z —^ Kq{c{sP ^ z[i] —- Kq{c{P)) ^ z[i] 0 z([/:] - [i]) 

a 

Ki{C{P) ^Z0Z^- Ki{C{Sp ^Z[C]^ -^-Ki(C(5^)) ^Z[C] 

whence we see that the boundary map d maps [£] — [1] with Chern number 1 to [C] with 
winding number 1 in iP-theory, whilst killing the trivial bundles Z[l]. 

The (commutative) T-dual of S can be described more explicitly. Let be a “dual” 
torus with coordinates k[, The Poincare line bundle V over x has hrst Chern class 
ci{V) = dki A dk2 + dk2 A dA;(. The T-dual to (or the Fourier-Mukai transform of) £ is the 
bundle £ over whose Chern character is [M] 

Ch(f) = [ Ch(£)Ch(P) = ci£) + rank(£)dA;'i A dfc', 

showing that the rank and the Chern number are interchanged. This is the commutative 
version of (14.6h . 

The bulk-boundary homomorphism is again trivialized after applying T-duality: 

K^{P) ^ Z[l] © Z([£] - [1]) — ^ K^{P) ^ Z([£] - [1]) © Z[l] . (5.1) 

L* a 

K^{T) ^ Z[l]-^ K-\T) = Z[C] 

This is the simplest example illustrating the principle that d i* under T-duality: in the 
crossed product, the algebra is trivial and the Z^-action is trivial and untwisted. 

Physically, the Chern number of £ relates to a quantized transverse conductance through 
the Thouless-Kohmoto-Nightingale-den Nijs (TKNN) formula, while the winding number 
under the boundary map counts the number of gapless chiral edge modes. 

In general, if we let = M'^/Z'^ be a fundamental domain for the real space translations by 
Z*^, then the T-dual torus is the bulk Brillouin torus of quasi-momenta for Z*^. Similarly, the 
translations Z'^“^ along a boundary have a fundamental domain whose T-dual torus is 
the corresponding “boundary Brillouin torus”. The bulk-boundary homomorphism d maps 

a bulk momentum space invariant to a boundary momentum space invariant. On the other 
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hand, i* is simply a geometric restriction map between it'-theory groups of the bulk and 
boundary fundamental domains. This interpretation oi d i* under T-duality is consistent 
with, and generalizes the physical intuition of the bulk-boundary correspondence from a 
semiclassical picture of the integer quantum Hall effect: the electron’s cyclotron orbits are 
geometrically restricted/intercepted by a boundary, so that closed circular orbits in the bulk 
become chiral edge channels along the boundary. This discussion is captured schematically 
by the following diagram: 


Real space 


Momentum space 

bulk invariant 

T—duality 

bulk invariant 


Restriction 
to boundary 


bulk-boundary 

homomorphism 


Real space bound- 


Momentum space 

ary invariant 

T—duality 

boundary invariant 


5.2. Time reversal, Quaternionic bundles, and real crossed products. The stan¬ 
dard vector bundle model for 2D band insulators with fermionic time-reversal symmetry T 
(implemented by an antilinear operator T with T^ = — 1) is based on Quaternionic bundles 
£ over (see [201 SZ] for a detailed discussion of the bundle theory). Here has the 
orientation-preserving involution q ■. k ^ —k with four hxed points. Quaternionic bundles 
are complex vector bundles equipped with a Quaternionic structure T, T^ = — 1 mapping the 
hber over k antilinearly to that over —k. At the hbers over the hxed points of the involution 
on T^, T reduces to a genuine quaternionic structure, and so 8 has even rank as a complex 
vector bundle. 

It is convenient to take an equivalent and perhaps more fundamental view, which is that 
the sections of a Quaternionic 8 form a f.g.p. module for the real C*-algebra (M xiid^^) <8 )rIH[, 
which can be understood as the C^-algebra generated by the symmetry group x {1,T}. 
Here, T denotes time-reversal, and is required to be implemented antilinearly and as an 
anti-involution. In more detail, we want to augment the complex group C^-algebra of Z^, 
namely C Xid Z^ = C'(T^), to include T. So we hrst rewrite C Xjd Z^ as (M Xjd Z^) C, 
where 

M Xid Z^ := C{iT^) = {/ : ^ C : J{k) = f{-k) VA: G T^}. 

Then T introduces a quaternionic structure, augmenting the C-factor to a H-factor. 

Thus, we are interested in the real operator A'-theory group 

KOo{C{iT^) e) = ^ KO^{R) © K02{R) = Z © Z 2 , 

generated by f.g.p. modules for C(iT^) ©r H, for which the sections of a Quaternionic 8 
furnish an example. We can also compute in topological A'-theory, e.g. using fl5.4p . 

KOo{C{iT^) ©R e) = KQ\f^) = KQ°{i.) © KQ\f^) ^ Z © Z 2 . 
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Here -k denotes a fixed point for the involution on the torus T^, and the reduced KQ (T^) 
is the kernel of the induced map under the inclusion of -k into T^. Thus, the Z counts 
the Quaternionic rank of £, while Z 2 is related to the invariant introduced in the physics 
literature by Fu-Kane-Mele [381 |25l [26], which we will identify as the Chern number of a 
complex sub-bundle £ modulo 2 . 

We note that a left H-module is a module for C 0 Cj = (after choosing a copy of M©zM = 
C C H) along with multiplication by j effecting (z, w) {—w,z) (a quaternionic structure). 
Also, the map V : {z,w) 1 —)■ {—w,z) is complex-linear and commutes with the H-action. A 
f.g.p. C(iT^) ©K H-module is in particular a f.g.p. C'(iT^) (C © Cj) = C'(T^) © C'(T^)- 
module, and is thus a direct sum of sections of two complex bundles. Furthermore, the map 
T = provides an invertible anti-linear map between the two complex sub-bundles which 
preserves the orientation on the base space, whence they have the same rank but opposite 
Chern numbers. Alternatively, Proposition 4.3 of [20] says that Quaternionic bundles over 
are trivial when viewed simply as complex bundles. Physically, we can think of the two 
(non-canonically dehned) complex sub-bundles as Kramers partners, which are exchanged 
under T. Note that neither the complex isomorphism classes of the two complex sub-bundles 
nor the order in which they are presented as direct summands need to be invariants of the 
total bundle as a Quaternionic bundle. 

Example 5.1. The basic trivial Quaternionic bundle 1 q has the free module of sections 
C(iT^) ©R H. It is the complex bundle x = (T^ x C) © (T^ x C) on which the 
Quaternionic structure T is T(fc, {z, w)) = (—fc, {—w,z)). The analogous trivial Quaternionic 
bundle over for any d G N will also be denoted by 1 q. 

Example 5.2. There is a basic non-trivial Quaternionic bundle C over which is not iso¬ 
morphic (in the category of Quaternionic bundles over T^) to the basic trivial one. As a 
complex bundle, it is £ = CC © C-, with hber over k being C-k © Ck-, and Quaternionic 
structure given hberwise by Tj^- : (xi,^) (—^ 2 ,W)- That C is indeed non-trivial is a 
special case of a general result for low-dimensional spaces with involution shown in Section 
4 of [20]. The same construction generates a Quaternionic bundle of complex rank 2 from 
any complex line bundle C which may have any Chern number. 

Note that we can apply V hberwise on £ to obtain a Quaternionic bundle V£ (with 
Quaternionic structure VJV~^). Two copies of £ are thus isomorphic to £ ® V£ = 
(<^*/i ©£)©(£© (,*£) with Quaternionic structure interchanging the two bracketed terms. 
Since each of the bracketed terms has Chern number 0 and can be written as the sum of two 
trivial line bundles, we can decompose £®V£ as two copies of Ig. This suggests that for 
a general Quaternionic bundle, we can take the mod 2 Chern number of either of the two 
complex subbundles interchanged by the Quaternionic structure as a natural invariant. In 
fact, it is shown in ESI that the mod 2 Chern number of £ in £ characterizes the Quater¬ 
nionic isomorphism class of £, and is a special case of the “FKMM invariant” dehned more 
generally for spaces with involution. For T^, the FKMM invariant is Z 2 -valued, and com¬ 
pletely characterizes the stable classes of Quaternionic bundles (complex rank 2 is already 
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in the stable regime), thus coinciding with KQ (T^) = Z 2 . This invariant can also be com¬ 
puted through a hxed point formula, generalizing the formula introduced by Fu-Kane-Mele 
(FKM) I3H112S112S] (see also [21] )• We will offer a different perspective on the FKMM/FKM 
Z 2 -invariant in 2D, by relating it to the second Stiefel-Whitney class for real bundles using 
T-duality. 

5.3. Bulk-boundary for time-reversal invariant insulators. Recall that the sections 
of the valence bundle for a 2D time-reversal invariant insulators form a f.g.p. module for the 
C'*-algebra C'(iT^) 0 r]H[, which can be expressed as a (trivial real) crossed product with 
in the transverse direction to a boundary, as (C'(zT) (Dr H) xij^ = (C(iT) Xid ®r H. 
There are isomorphisms ^ KQ-^{f^) and R:Oj(C'(iT)®RH) = KQ-^{f). 

We can form the associated real Toeplitz extension and PV-exact sequence as in (13. Ih and 
(I3.3p . The boundary homomorphism which we are interested in is that from KOo{-) to 
K 07 {-), which in terms of the topological KQ-theorj is 

... kQ^{T) -^ KQ^{T) = Z[1q] -- iFQ°(f2)) ^ Z[1q] © 

a 

... RQ-^(T2) -- KQ-\f) -- - - KQ-\f) = Z 2 

a 

making it clear that Z 2 —)■ Z 2 isomorphically. The calculations for the iPQ-theory groups of 
the torus with involution follow from the split short exact sequence 

0 —^ KQ-^{X,Y) ^ 0 (5.2) 

for Y an equivariant retract of X, which also holds for real iP-theory of spaces with trivial 
involution. Applying (15.2p this to the successive retracts X x Y -^(XxY)/X^XAY, 
we have 

I^~\X xY) = KQ~\X A F) © I^~\X) © I^~\y), (5.3) 

which when applied to X = = F give^ 

There are Bott periodicity isomorphisms and = K{■) 

[211 HZ], so each XQ-group of S'^ is isomorphic to some real iP-theory group of a point. For 
example, = KR~^(^) ^ KR {S'^) ^ KO-‘^{x) = Z 2 while )^°(f) = KR~\% = 

KR {S'^) = KO~^{Y) = 0. Thus KQ (T^) = KQ (A^) = Z 2 . More generally, there are 
binomial formulae 

AQ-"±^(f‘^) ^ KR-^{f‘^) ^ 0 [KO-^+^{x)] , (5.4) 

j=0 

^We use the notation 5“^ for the d-sphere with trivial involution, and for the d-fold smash product of 
yi = T with itself, with the involution inherited from the 5*^ factors. For example, is the 2-sphere in 
with involution (x, y, z) 1 -^ (x, —y, —z). 
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which comes from iterating KR ”(T‘^) = KR ® KR for example. 

T-duality maps the i^Q-groups (using KQ~^ -f-)- KR~^^^) to i^O-groups, taking 

KO-'^ij'^) 2) ^ Z © Z 2 (5.5) 

KO-‘^{T) ^KQ-\T) = Z 2 . (5.6) 

It is instructive to identify generators for the various /T-theory groups in fl5.5p and fl5.6p . 
First, 

^ KO-2(^) © iw~\s^) © 

— ^ 2 (['^^c] — [Ic]) ® ^([-^^h] — [1h]), 

KO-\T) = KO-\i.) © ^~\j) = IW{S^) © IW{S^) 

— ^2(['^^c] — [Ic]), 

where £e is the quaternionic line bundle over associated to the Hopf fibration Sp(l) M- 
S'^ 5'“^, £c is the complex line bundle associated to U(l) —)■ and le and 

Ic are respectively the trivial quaternionic and complex line bundles, all regarded as real 
vector bundles. Furthermore, £h has a non-trivial Pontryagin class Pi(£h) generating the 
top cohomology of while C<c has a non-trivial Stiefel-Whitney class W 2 {C(c) in Z 2 ) 

which can also be identified with ci(£c) modulo 2. We adopt the suggestive notation Z 2 [tC 2 ] 
for the Z 2 subgroup of KO~^(T'^). 

On the right-hand-sides of fl5.5p and fl5.6p . the Z factor in KQ^{T‘^) = KR~‘^{T‘^) counts 
the Quaternionic rank (or half the complex rank), while the Z 2 factor is the iP-theoretic 
version of the Fu-Kane-Mele invariant. We denote the latter factor by Z 2 [FKM], which is 
mapped by d onto the group KQ~'^(T) = Z 2 counting the number of edge Kramers pairs 
modulo 2. We also write Z[1 q] for the former Z factor, which is annihilated by d. We may 
now deduce that the bulk-boundary homomorphism becomes trivialized on the T-dual side 
(see also [53]), 

K0-2(T2) ^ Z[£h - 1h] © Z 2 H Z[1q] © Z2 [FKM] = KQ%f^) (5.7) 

t* d 

' ' 

KO-\T) = Z 2 --- Z 2 = KQ-'^{J) 

where l* is the surjective homomorphism induced by the split inclusion 6 : T T^. 

5.4. T-duality for 3D topological insulators. A Z 2 -valued invariant of a different nature 
occurs in 3D topological insulators. As a bulk topological invariant, it lives in KQ^{T^), 

which can be computed to be Z © 4 Z 2 using (15.4p . To see what the generators are more 
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explicitly, we can use (I5.2|l with KQ^’'^ instead of KQ \ and (I5.3|l to obtain 

= © z[1q]) 

^ ^°(;^)©3:^°(;^)©z[1q]. (5.8) 


The three KQ (5^) = Z 2 factors are the “weak” Fu-Kane-Mele invariants corresponding 
to 2D sub-tori, while the KQ (S^) = Z 2 factor is a new 3D phenomenon. In the physics 
literature, this new Z 2 -invariant was given the interpretation as a topological contribution 
to the orbital magnetoelectric polarizability'd G {0, vr} C U(l) [1111221121], and is sometimes 
referred to as a strong topological invariant. A similar calculation was performed in Section 
11 of [21| in KR-theorj, where a <^-equivariant stable splitting of the T®* into a wedge of 
spheres (c.f. fl5.9p l was used. Then the strong Z 2 invariant may be identihed as the image in 
A-theory under the projection —)■ while the other three Z 2 invariants are the A-theory 
images corresponding to three choices of projections —)■ x —)■ S'^. 

The T-duality isomorphism is now 


KO-\TQ i —> AA-^(T^) = KQ\TQ 


One way to compute the left-hand-side is to use the fact that E(Axy) is homotopy equivalent 
to SA V EY V E(A A Y), where SA = A A is the reduced suspensioii^ (Proposition 4.1.1 
of [22]). Applying this twice gives 

E(5^ X X S^) W S\ (5.9) 


It follows that 

KO-\T^) = AO-^(x) © ^ (S^) © )^°(S(T^)) 

^ iw\s^) © ?>Kd\s^) © iw\s^) 

— Z2([>^1 k] — [Ir]) © 3 Z2 ([£c] ~ [Ic]) © Z([£e] — [le]), (5.10) 

where £r is Mobius bundle generating KO (5^). Alternatively, £r is the canonical line 
bundle over MP^ associated to 0(1) 5^ —)■ 5^, which has a non-trivial hrst Stiefel- 

Whitney class wi reflecting its non-orientability. 

Comparing fl5.8p and fl5.10p . we see that the four FKM Z 2 -invariants (or the FKMM 
invariants in the sense of [2D]) for the 3D topological insulator correspond under T-duality to 
the Stiefel-Whitney classes Wi,W 2 . Furthermore, the direct sum decomposition is respected 
[53] ■ so the strong FKM Z 2 invariant corresponds to Wi, while the weak FKM Z 2 invariants 
correspond to 102 - 


^The notation is standard and should not be confused with our earlier usage of E for a Cantor set. 
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We can carry out an analysis for the PV-boundary map under the crossed product of one 
copy of Z in similar to that done for the 2D case, in order to study the corresponding 
surface phenomena. The result [53] is a commutative diagram 

t* d 

KO-\T'^) —^ 7PQ-^(f2) 


More generally, our notion of bulk-boundary homomorphism makes sense in any d > 1. 
There are also T-dualities for twisted (real) group algebras [HS], and twisted crossed products 
can also be considered when disorder needs to be accounted for. Some of these generalizations 
form the subject of separate works [5511^ . 

Appendix A. The twisted foliated index theorem 

Here we state a special case of the twisted index theorem that we need in this paper, which 
has been proved in [ 8 ]. 

Let p : 1? —)■ Homeo(S) denote the minimal action of J? on S. We suppose that p 
is an invariant measure on S and that p is even. Then the suspension X = X 22 S is 

a compact foliated space with transversal the Cantor set S, and with invariant transverse 
measure induced from p. 

Set B = 6dx Ady which is a closed 2-form on x S (which is supported on R^) satisfying 
7*5 = B for all 7 G Z^. Since B = dp where for instance p = 9xdy, we get 0 = d{p*p — p). 
Since R^ is simply-connected, we see that 7*7 — p = d(j)^, where (j)^ is a smooth function on 
R^ X E (which is supported on R^). We normalise it so that (j)-y{ 0 ) = 0 for all 7 G Z^. 

Consider functions / in L^(R^ x S; dxdp) and bounded operators on it dehned as follows, 

( 1 ) S.yf{x,'d)=e'''^'^^^'>f{x,'d)-, 

( 2 ) U^flx,id) = f{x.p,id.p). 

Then for all 7 G Z^, the bounded operators o satisfy the relation 

^71^71 = ^(71,72) (AT) 

where < 7 ( 71 , 72 ) = (^ 71 ( 72 ) is a multiplier on Z^. 

Let P denote the Dirac operator on R^ and V = d + ip the connection on the trivial line 
bundle on R^, the lift to R^ x E of a connection on a vector bundle £ ^ X with curvature 
Fs- Consider the twisted Dirac operator along the leaves of the lifted foliation, 

D = ^ 0 V ® : L2(r2 X E, 5+ O £) —^ L2(R^ x E, 5" 0 T). (A.2) 

Then one computes that o D = D oT^ for all 7 G Z^. 

The twisted foliation analytic index is a map, generalizing [IH] 159] . 

Indexc(x)..R 2 : K\X) Ko{C{X) x^R^). 
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Since C{X) xig- is strongly Morita equivalent to C'(S) xio- the index map is, 


Indexc(s)>..z2 : K\X) K,{C{T.) x. Z^). 


Let r denote the von Neumann trace on A’^, which together with p induces a trace 
on the crossed product C(S) Z^. Let tk denote the Kubo conductance cyclic 2-cocycle 
on which together with /i induces a cyclic 2-cocycle on on a smooth subalgebra 
C{YAj x“ I? of C'(S) Xo- Z^ given by a Frechet completion of the algebraic crossed product. 
Then by [S], 

([ri^Indexc(s)x,z2(^)) = 77;^ [ A ch(Ff) A dx A dydfi{^). (A.3) 

where [r^] denotes the cyclic cohomology class in iLC^(C'(S) x^ Z^), and C(S) x“ Z^ is a 
dense subalgebra of C(S) x^- Z^ in the domain of the derivations dehning tk,^- When the 
action on E is minimal, the rank of S is constant, and the above pairing reduces to 


(|TK,J,Indexc(!:)!.,z>(C)) = 


( 27 r) 


rank(£^) Adx A dy dy.^'d) = rank(T). 


(A.4) 
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